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2.1
N/A

2.2
2.2.1

We need to show that dj, : X x X — R defined as dy(z,y) = kd(z,y) satisfies the 4 conditions for metric spaces.
Observe that for any z,y, z € X:

1. Since k > 0and d: X x X — R is a metric, it follows that dy (x, y) = kd(z,y) > 0

2. di(z,y) =0 <= kd(z,y) =0 < d(z,y) =0 < z =y

3. dy(z,y) = kd(z,y) = kd(y, ) = di(y, )

4. dp(x,2) = kd(x, 2) < k(d(z,y) + d(y, 2)) = kd(z,y) + kd(y, z) = di(z,y) + di(y, 2)
Thus, (X, d) is a metric space.
2.2.2

We are told that d’ : R® x R™ — R is defined as d”(x,y) = >_ |x; — y;|. Observe that for any z,y, 2 € R™:
i=1
1. d’'(z,y) = > |zi —yi| > 0Va,y € R" since |a — b| > 0Va,b e R
i=1
2.d"z,y) =0 <= Y |zi—yl=0 <= zmi=y;Vicn] < xz=y
i=1

n

3. d"(z,y) = | —uil = Z lyi — xi| = d"(y, z)

.
I |

3

n

4 d'w,2) = Y lwi =zl = Ylwi—yityi -zl < 2 (e vl + 1y = zl) = 2 e — il + 2 Jys — 2l =
3 =1 =1 =1 =1
%)

d"(x,y) + d"
Hence, (R™, d") is a metric space.
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2.2.3

Observe that

(o) = (s - mnf

1<i<

12
max {lzi — yil "}

Z i = yil?

= d(z,y) < d'(x,y). Moreover,

d'(z,y) = Z(xi —yi)?

n
=D —wil?
=1

\/n (1rga<x {la; — y1}>

= \/ﬁd(xvy)

IN

Thus, d(z,y) < d'(z,y) < V/n-d(z,y).
The next set of inequalities is easier to see, but note that

d(z,y) = max {|z; —y|} < Z |z — yil = d"(2,y)

1<i<n
i=1
and

&(z,y) = 2]% ol < n (s Gl wl}) = e

Hence, d(z,y) < d’(z,y) < n-d(z, y).
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We are told that d : C°([a,b]) x °([a,b]) — R is defined as d(f, g) f |f(t) — g(t)|dt. Observe that for any
f.9,h € C°(la,b]):

1. d(f,9) f |£(t) — g(t)|dt > 0since |f(t) — g(t)| > 0Vt € [a,b]

2.

b
MLm:o<:>/\ﬂw—mMﬁ:o

= |f(t) —g®)| =0Vt € [a,}]
= f(t)=g(t)Vt € [a,}]



b b
- / () — g0)]dt = / (~1)(g(t) — £(1))] dt = / 9(t) — F(1)ldt = d(g. /)

(t)|dt

— h(t)|dt

|dt+/ lg(t) (t)|dt

f,9) +d(g; )

n- [ i
AL
s/ (I£(t) = g(8) + lg(t) — h(t) ) dt
[1se
=d(f

Hence, (C°([a, b)), d) is a metric space.

2.2.5

Note that C*(X) is the set of all bounded functions defined on the set X. We are told that d’ : C®([a, b]) x C*([a, b]) —
R is defined as d'(f, g) = sup {|f(x) — g(x)|}. Observe that for any f, g,h € C®([a,b]):

Ld(fg) = sup, {If( ) g(x)[} = Osince | f(z) — g(x)| = 0Vz € [a, 0]

2.

z€la,b

d'(f,9) =0 < sup {|f(z) —g(x)|} =0

z€la,b]
< |f(z) — g(z)| = 0 Va € [a,b] (again, because | f(z) — g(z)| > 0 Va € [a,b])
= f(z) =g(z)Vz € [a, 0]

d(f.g) = sup {|f(x) —g(@)[} = sup {[(-1)(9(x) - f(2))[} = sup {lg(z) - f(2)]} =d'(g. )

z€[a,b] z€[a,b] z€(a,b]

d'(f,h) = sup {|f(z) - h(z)}

z€la,b]
= le[lal;)b]{‘f(sc) - g(SU) + g(w) - h(l‘)‘}
< it[lpb]{\f(l“) —9(@)| + |g(x) — h(z)[}

(since Va € [a,b], | f(z) — h(z)| < |f(z) — g(x)| + |g(z) — h(z)| (by triangle inequality for real numbers)
= {\f( ) —g(@)[} + sup. {|9( — h(z)[}

;cEa z€la,b

=d'(f, 9) +d'(g,h)

Hence, (C*([a,b]),d’) is a metric space.



2.2.6

Observe that

b

b b
d(f,g) = / () — g(®)ldt < / sup {I7(t) — g(t)[}dt = / &(f.g)dt = (b— a)d'(. )

t€la,b]

In particular, setting b := 1 and a := 0, we have d(f, g) < d'(f,g).

2.2.7

We are told that d : X x X — R is defined as d(x,2) = 0 and d(x,y) = 1 for any 2 # y. Observe that for any
z,y € X:

1. d(z,y) > 0 by definition
2. d(z,y) =0 <= 1z = y by definition

3.2 =y < y==x=d(x,y) =0=d(y,z). Onthe otherhand, z # y <— y # z = d(z,y) =1=
d(y, z).

4. If x = 2z, then d(z, 2) = 0 = d(x, 2) < d(x,y)+d(y, z) since d(x,y),d(y,z) > 0. If x # z, then d(z, 2) = 1.
Let y € X. Then exacly one of the following holds: (y =z Ay # 2), (y =z Ay £ z),or (y £ x Ay # 2);
i.e., we cannot have = y = z because this would imply « = z. Hence, d(z,y) + d(y,2) > 1 = d(z,2) <
d(z,y) + d(y, 2).

Thus, (X, d) is a metric space.

2.2.8

Given p prime, we are told that d : Z x Z — R is defined as d(m,n) = 0 for m = n, and d(m,n) = 1% for m # n,

where t = t(m,n) is the unique integer such that m — n = p' - k (where k is not divisible by p). Obsere that for any
m,n,o € Z:

1. d(m,n) > 0 by definition (since 0 > 0 and given p prime, for any integer ¢, p% > 0)
2. d(m,n) =0 <= m = n by definition (again, since given p prime, for any integer ¢, 1% > 0)

3. m=n <= n=m= d(m,n) =0=d(n,m). On the other hand, m # n implies that d(m,n) = 1% where
r = r(m,n) is the unique integer such that m — n = p” - a, where a € Z such that a f p, and d(n,m) = pi
where s = s(n,m) is the unique integer such that n — m = p® - b, where b € Z such that b } p. Thus, it suffices
to show that = s. Observe that p’a = m —n = —(n —m) = n —m = —p"a = p"(—a) = r = s. Hence,
d(m,n) = d(n,m).

4. We want to show that if m,n,o € Z, then d(m,0) < d(m,n) + d(n,o0). 3l r € Z such that m —n = p’a,
where a € Z such that a ) p; similarly, 3! s € Z such that n — o = p®b, where b € Z such that b } p. WLOG
suppose s < r. Thenm — o = (m —n) + (n —0) = p"a + p°b = p*(p" *a + b) = m — o = p'c for some
integer t > s and ¢ € Z such that ¢ f p. Therefore, d(m, 0) = -z < -5 = d(n,0) < d(m,n) +d(n, o).

Thus, (Z, d) is a metric space.



2.3
2.3.1
We are told that X = C°([a, b]), and we want to prove that I : (C°([a,b]),d*) — (R, d), with d*(f, g) = fb |f(t) —

a

g(t)|dt, is continuous. Let ¢ > 0 be given. Choose § = ¢. Then for any f,g € C°([a, b]) such that d*(f, g) < d, we

have:
b b b b
d(I(f), 1(g)) = / f(tydt - / o(t)dt| = / (F(t) — g(0)dt| < / F(8) — g()ldt = d(f.g) < 6 = ¢

= [ is continuous.

2.3.2

We are told that for ¢ = 1,...n, (X;,d;) and (Y, d}) are metric spaces, and that X = [[ X;andY = [[YV:. X
i=1 i=1
and Y, equipped, respectively, with the metrics dx : X x X — Randd, : ¥ xY — R, defined as dx(z,y) =

max {di(z;,y;)} and dy (z,y) = max {d}(x4,y;)}, are metric spaces. Given that each f; : X; — Y; are continuous,
i<n i<n

we want to prove that F : X — Y defined as F(z) = F(21, ..., 2n) = (f1(21), ..., fn(2,)) is continuous.
Observe that for any F(x), F(y) € ¥, dy (F(x), F(y)) = max {(di(fi(a:), f:(wi))} = dy(F5 (), £5(u5)) for

some j € [n]. Since each f; is continuous for ¢ = 1,...,n, this implies that given any ¢ > 0, there exists a § > 0
such that d’;(f;(x;), f;(y;)) < € whenver d;(z;,y;) < 0. Hence, given € > 0, we can always choose a § > 0 so that
dy (F(z), F(y)) < e whenever dx (z,y) < 6 = F : X — Y is continuous.

233
Given the metrics on R? d and d’, where d is defined as d((z1, x2), (y1,y2)) = 1r2a<><2{\x1- — y;|} and d’ is the normal
Euclidean distance, we want to prove that f : R? — R defined as f(z1,22) = m17+7x2 is continuous.

First we prove that f is continuous with the metric d on R?. Let ¢ > 0 be given. Choose § = 5. Then for any
(w1, 22), (y1,v2) € R? such that d((z1, x2), (y1,y2)) < J, we have:

If(z1,22) — f(y1,y2)| = |21+ 22 — (y1 +y2)| = [(x1 —y1) + (22 — y2)| < |71 —ya| + |22 — 2| <25 =€

= f is continuous.
Now, we prove that f is continuous with the metric ¢’ on R?. Let € > 0 be given. Choose § = 5. Then observe
that for any (1, z2), (y1,y2) € R? such that d’((x1, 22), (y1,%2)) < § we have:

d'((x1,22), (y1,92)) <0 <= V(21— y1)® + (w2 —12)2 <
= (r1—y1)*+ (r2 —)? < &2
= (z1 —y1)? <62 — (z2 — y2)? < 6% A (32 — y2)? < &2

= o1~y = V(@1 —y1)2 < A |zz —yo| = V(22 —y2)2 < 8

= |f(x1,22) — f(y1,92)] = |21 + 22 — (y1 + ¥2)| < |21 — y1| + |22 — ya2| < 25 = € = [ is continuous.

234

I’m too lazy. Hopefully this omission does not come back to haunt me.
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Recall that N C X is a neighborhood of a if N contains an open ball B(a;d) C X centered at a with some radius
§ > 0. Let § := %. Then since d(a,z) = 1 for any z € X suchz # a, B(a;6) = {a} = B(a;6) C {a} = {a}isa
neighborhood of a. Moreover, {a} constitutes a basis for the system of neighborhoods of a since for any neighborhood
Nofa, N> aanda € {a}. Now, let S be a subset of X. If p € S, then {p} C S = S is a neighborhhod of p.

24.2
To show that f : R — R defined as

1 z>a

f(x){o re

is discontinuous at a, we need to show that there exists ¢y > 0 such that for every 6 > 0 there is z € B(a;J) but
f(x) ¢ B(f(a);€). Let €g := . Then observe that |(a + ?) —al = |g| = L115] < é. but|f(a+ %) — f(a)| =
|1 =0/ =1> 1. Hence,V§ > 03z € B(a;6) such that f(z) ¢ B(a; €o); namely, z := a + $.

Now, for any € R\ {0}, f is locally constant. Thus, it is clear that at any other point besides a, f is continuous.

24.3

(=) Suppose f is continuous. Then for each neighborhood M of a, f~1(M) is a neighborhood of a. If N € B (a)s
then N is a neighborhood of f(a); hence, it follows immediatley that f~ () is a neighborhood of a.

(<) Conversely, suppose that for every N € By(q), f~*(N) is a neighborhood of a. Then for any neighborhood M
of f(a), M contains an element B € By(,), which is a neighborhood of f(a). Hence, f~*(M) contains f~*(B), a
neighborhood of a, which implies that f ~!(M) is a neighborhood of a. Thus, f is continuous.
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(i) Observe that | J [a — €,a + €] D |J (a — €,a + €). Therefore, for any neighborhood N of a, N contains, for
e>0 >0
some ¢y > 0, the interval B(a;¢9) C |J (a—€,a+¢€) C J[a—€,a+€] = | [a —¢€,a+ €] is a basis for the
e>0 e>0 e>0

system of neighborhoods at a.

(i) Let B, := {B(a;,€) : € > 0 A e € Q}. Then for any neighborhood N of a, N contains, for some €y > 0, the
interval B(a;¢). Since ¢y > 0, by the density of Q in R, there exists a rational number ¢; > 0 so that €; < ¢g.
Hence, N D B(a;¢€1) and B(a;€1) € B, = B, is a basis for the system of neighborhoods at a.

(iii) Let B, := {B(a; 1) : n € N}. Then for any neighborhood N of a, N contains, for some €y > 0, the interval
B(a; ). Since the sequence {%} converges to 0, there exists ng € N so that n > ng = % < €. Hence, for
any n > ng, N D B(a; %) and B(a;n) € B, = B, is a basis for the system of neighborhoods at a.

(iv) The reasoning in this subproblem is analogous to that in the previous subproblem (iii). The only difference is
that in this subproblem we require that n > max{ng, k}.

Now, assume for the sake of contradiction that in R there exists a finite collection of sets Ba Whigh forms a basis for the

system of neighborhoods at a. Since B, is finite, we may explicitly list its elements: suppose 5, = {Bi, Ba, ..., By }.

Let B := () B;. Then B is a neighborhood of a and B C B; for 1 < i < n. Moreover, there exists ¢ > 0 such that
i=1

the real interval B(a;8) = (a — 6,a + &) C B. Now, let §* := §; then N := B(a; 6*) S B is a neighborhood of a

and there does not exists a B;, 1 < i < n, so that B; C B(a;0*). Thus, we have a contradiction. Consequentially,

there does not exist a finite collection of subsets of R that can be a basis for the system of neighborhoods of a.



24.5

Given a € X, we want to show that there exists a collection of neighborhoods { By, },,cn which constitutes a basis for
the system of nelghborhoods at a. Let B, := B(a; 7) Then for any neighborhood N of a, there exists € > 0 such

that N O B(a;e¢). Since n — 0 as n — oo, there exists ny € N so that for any n > ny, 7 < €, which implies that for

any n > ng, N O B(a; 1) = B,, = {By, }nen constitutes a basis for the system of neighborhoods at a.

2.4.6

a,b € X such that a # b = d(a,b) > 0; suppose d(a,b) = 6. Then let N, := B(q; ) and N, := B(a; ) I claim
that N, N Ny. To prove this claim, it suffices to show that d(a,z) < § S = d(b,x) > (because this is equivalent to
proving that x € N, = = ¢ Ny, and by symmetry we may conclude that rEN, ==z ¢ Ng).

Observe that d(a, ) < $ implies that:

d(a,b) < d(a,z)+ d(z,b) <= ¢ —d(a,x) < d(z,b)
=0— g < d—d(a,z) < d(x,b)

= d(x,b) >

N

24.7

a € X isapointa = (ay, ...,a,) where a; € X, fori = 1,...,n. Let B(a;d) C X. Then,

B(a;0) ={z € X :d(a,z) < 6}

= {(1’1,...71’71) ;e Xy Vie [ ] A filax {d (azazz)} < 6}

={(z1,..,zn) 1 x; € X; Vi € [n] A di(a;,x;) < Vi € [n]}

ﬁ{zz € X; :di(a;,x;) < 0}

=1

Given that B,, is a basis for the system of neighborhoods at a;, and that B, = |J [] B:, we want to show that
Bi€B,; i=1
B, is a basis for the system of neighborhoods at a. Suppose N C X is a neighborhood of a. Then there exists § > 0

such that N D B(a;6) = H B;(a;;9). For each i € [n], B;(a;;9) is a neighborhood of X; = for each i € [n],

Bi(a;;8) 2 B; for some B; € B,, = B(a;0) 2 HB where B; € B,, Vi € [n] = B(a;d) 2 B =[] B; € B,.
Hence, B, is a basis for the system of nelghborhoodslof a. =

Now, for each ¢ € [n], let p; : X — X be the projection that maps p;(a) = a;. We want to show that for each
i € [n], p; is continuous; i.e., we want to show that for every neighborhood M of p;(a), pi_l(M ) is a neighborhood
of a. Let N; be a neighborhood of p;(a) = a;. Then N; D Bj(a;;6) = p; '(N;) 2 p; ' (Bi(ai; 6)) = {(z1, .., ) -
x; € X; Vi€ n] A di(a;,z;) <} D B(a;0) = p; is continuous.

Now, suppose f : Y — X is a continuous function. Then since for each i € [n], p; is continuous, it follows
immediately that p; o f is continuous. Conversely, suppose for each ¢ € [n], p; o f is continuous. Then given b € Y,
for every € > 0 there exists § > 0 such that (p; o f)(B(b;6)) € B((pi o f)(b);€), foreveryi =1,...,n. Givenb € Y,
f(b) = a for some a € X; consequentially, for each i € [n], (p; o f)(b) = pi(f(b)) = pi(a ) =a; = Vi € [n],
Blaiie) = B((pi o )(b)i¢) 2 (pi 0 f)(B(b:6)). Hence, B(b;6) = {y € Y : d(by) < 6} C {y € Y : f(y) =
x A d(z,a) < e} = f(B(b;6)) € B(f(b);€). Thus, f: Y — X is continuous.



24.8

We are told that f : R — R is continuous and that there exists a € R such that f(a) > 0. We want to show that there
exists k£ > 0 and a closed interval F' = [a — 0, a + 4] such that f(x) > kVz € F.

Recall that f is continuous at a iff V € > 0, 36 > 0 such that f(B(a;0)) C B(f(a);€). Now, f(a) > 0 = 3
k > 0 such that f(a) > k > 0 by the density of R. Choose ¢ > 0 so that ¢ < f(a) — k. Then by continuity of
f at a, there exists 6. > 0 such that f(B(a;é.)) C B(f(a);e) <= 36 > 0such that f((a — bc,a+ 6)) C
(f(a) — € fla) +€) = (k,2f(a) —k) = f(z) > kVx € (a —dc,a+ ). Choose § > 0 so that § < J., and set
F:=[a—0d,a+0d]. Then f(x) > kVax €F.

2.5

251

We are given the metric space (H Xl,d> where d(x,y) = Jnax. {d;(z;,y;)}. a1,as,... are points in X where

a, = (at,ay,...,a}) and ¢ = (c1, ¢2, ..., ) € X. We want to show that hm an =c¢ <= lim af = ¢; for each
n—0o0

i€ [kl

(=) Suppose lim an, = c. Then for every neighborhood V' of ¢, there exists N € N such thata,, € V forn > N.

Therefore, for any m E N, there exists N € N such that an, € B(c —) for n > N; this 1mp11es that for any m € N
there exists N € N so that for any n > N, d(an,c) < - <= Jnax, {di(a},ci)} < o = hm d(a?,¢;) = 0 for
1=1,2,.. k= hm al = ¢;.

(<) Suppose that fori =1,2,...,k, hrn a} = ¢;. Then for i = 1,2, ..., k, for every neighborhood V; of ¢;,
there exists INV; € N such that a} € V; for n > N; = for any m € N, there exists N; (for ¢ = 1,2, ..., k) such that
a? € B(¢;, =) forn > N; :>f0rz =1,2,.,k di(al',¢;) < L = lrgagck{d( me) < 2 = hm d(an,c) =

1> n—o00
0= lim a, =c

n—roo

2.5.2

k

) = [ ) and ) = §|y

=1
exercise 2.2.2, d'(z, y) < f d(z,y) and d"’(z,y) < n-d(z, y)

Therefore, if {a;};cn is a sequence in R* and lim a, = a, then hrn d(an,a) = 0 = lim d'(an,a)
n—oo n—oo

Vk - hrn d(an,a) =Vk-0=0and lim d’(a,,a) <k- hm d(ay, )— k - 0 = 0. Therefore, lim d(ay, a)
0= hm d'(an,a) = 0 and nh_)rréo d”(zn a) = 0. Moreover from exercise 2.2.2, d(x,y) < d'(z, y) and d(z,y) <
d’(x, y) therefore d'(an,a) = 0 or d’(ay,a) = 0 implies that d(a,,a) = 0. Thus, nh_}rr.lo dlap,a) =0 <=
nhﬂrrgod (an,a) =0 < nl;rrgo d"(an,a) = 0.

Recall that d(z,y) = max {|:EZ

IN

2.5.3

Suppose the sequence {a,, } nen Of points in the metric space (X, d) converges to the point a. Then lim d(a,,a) =
n—oQ
0 <= Ve, 3N € Nsuch that d(an,a) < eforalln > N. If {ay, }32, is a subsequence of {ay, }, then recall that
ny is a strictly increasing sequence from N to N; thus, d(a,,,a) < e forall n, > N = klim d(ap,,a) =0 <=
— 00

lim a,, = a.
k— o0
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Let {a;}icn be a convergent sequence of real numbers that converges to a € R. We want to show that {a;} is
bounded; i.e., we want to show that V e > 0, 3 M > 0 such that |a;| < M Vi € N. {a;} converges to a = V
€ > 0,3 N € Nsuch that |a, —a|] < eforalln > N. |a, —a| < € = |ay| < |a| + ¢; therefore, given € > 0, let
M = max{l|a1]|, |az], ..., |an—1], |a| + €}. Then M > |a;| Vi € N;i.e., {a;} is bounded.

Let {a;}ien be a non-decreasing sequence bounded above. Then for every i € N, a; < a;11 and there exists
M € R such that a; < M. Since {a;} C R is bounded above, by the completeness axiom, there exists a least upper
bound of {a;}, which we denote as a. a = Lu.b.{a;} implies that V ¢ > 0, 3 a,, € {a;} such thata —a, < e =V
€ > 0,3 N € Nsuch that |a — a,| < e forn > N = {a;} converges to a. The proof showing that a non-increasing
sequence bounded below converges to its greatest lower bound is analogous.

2.5.5

Omitted.

2.5.6

Recall that d(z, A) = glb{d(z,a) : a € A} and d(y,A) = glb{d(y,a) : a € A}. We want to show that
d(z, A) < d(z,y) + d(y, A). Consider the following cases:

e Suppose z € A. Thend(z, A) =0 < d(z,y) + d(y, A)
e Suppose x ¢ Abuty € A. Then d(z, A) = glb{d(z,a) : a € A} < d(z,y) = d(z, A) < d(z,y) + d(y, A)

e Suppose z,y ¢ A. Then there exists 2’ € A and y’ € A such that d(z, A) = d(z,2’) and d(y, A) = d(y,y’).
Hence,
d(z, A) = d(z,2") <d(z,y) +d(y,y') +d(y,2") = d(z,y) + d(y, A)

Therefore, after exhausting all cases, we have d(z, A) < d(x,y) + d(y, A).

2.5.7

Given a nonempty subset A of the metric space (X, d), we want to prove that the function f : X — R defined by
f(z) = d(z, A) is continuous; i.e., we want to show that Ve > 0,36 > O such that d(x,y) < 0 = |f(z) — f(v)| < e.

Recall from the previous exercise, for any x,y € X, d(z, A) < d(x,y)+d(y, A) = d(z, A) —d(y, A) < d(z,y);
since x and y are arbitrary, we also have: d(y, A) — d(z, A) < d(x,y). Therefore, |f(x) — f(y)| = |d(z, A) —
d(y,A)| < d(z,y); thus, given € > 0, letting 6 := € we have d(x,y) < 0 = |f(z) — f(y)] < e. Thatis, f is
continuous.

2.5.8

Give a nonempty subset A of the metric space (X, d) and a point x € X, we want to show that d(z, A) = 0 if and
only if every neighborhood of = contains a point iy € A.
(=)d(z,A) =0 < glb{d(z,A)} =0=Ve>0,3y € Asuchthatd(x,y) < e. Given a neighborhood M
of z, 36 > 0 such that B(a;d) C M; therefore, for any neighborhood M of a, 3y € Asuchthaty € B(a;d) C M.
(<) Suppose every neighborhood M of 2 contains a point y € A. Then for every n € N, there exists y € A
such that y € B(a; +). Since Ve > 0, 3m € N such that = < ¢, this implies that Ve > 0, 3y € A such that
d(z,y) < e=d(xz,A)=0.

2.5.9

Omitted.



2.6
2.6.1

Given that (X;,d;), ¢ = 1,2,...,n, are metric spaces, we form the set X = [] X, equipped with the metric d :
i=1
X x X — Ry defined as d(z,y) = max {d;(x;,y;)}. We want to prove that for ¢ = 1,2, ...,n, if O, is an open
subset of X, then X?Zl O; is an open SIIb;et of X.
X?Zl = {(z1, 22, ..., n) : xz € 0,1t = 1,2,..,n}. Since x; € O;, 3 §; > 0 such that B(z;;9;) C O;
fori = 1,2,...,n. Letd := 3 mln {6} Then, § > 0 and B(xz;;6) € O; fori = 1,2,....n = B(x;0) =

B((z1,22, ..., 3,);6) C Op X 02 X ... X Op = X O is open.

Now, suppose O is an open subset of X; we want to show that O = J (X?:1 Of‘) , where OF are open sets for
acl
i=1,2....,nandevery a € I. Since O C X, therearesets A; C X;,i=1,2,...,n,suchthat O = A; X Ay X ... x A,,.

If x = (21,2, ...,x,) € O, then there exists § > 0 so that B(z;d) C O. Hence, fori = 1,2,...,n, B(x;;8) C A; =
each set A;,7 = 1,2,...,n, is open. Since the arbitrary union of open sets is open, this implies that there exists open
subsets OF, v € T'and i = 1,2, ...,n, such that O = {J (X]_, O2).

acl

2.6.2

Given the metric space (X, d) with metric d : X x X — Rx( defined as

d(x,w{f o

we want to prove that every subset of X is open.
Let AC X. Thenifa € A,V € X \ {a}, d(a,z) =1 = B(a; 3) = {a} C A= Ais open. QED.

2.6.3

We are told that (X, d;) and (Y, d2) are metric spaces, and we form the metric space (X x Y, d) where d : (X xY') x
(X xY) — Ry is defined as d(a, b) = lrga<x2{di(ai, b;)}. Given that f : X — Y is continuous, we want to show

that the graph of f, 'y = {(z, f(2)) : z € X1}, is closed.
Let {(z, f(z,))}5%, be asequence of points in I"; which converges to the point (z,y) € X xY. Then lim x, =

n— oo

zand lim f(z,) =y. v € X, hence by continuity of f, lim f(z,)= f(z) = f(z) =y = (z,y) € I'y. Thus, I'y
n—0o0 n—00
is closed.

2.6.4
We are told that f : R — R is defined as:

1
CR b

and we want to show that I's is a closed subset of (R?, d), but that f is not continuous.

fl(=o0,0)() = 0and f|(g,00)(z) = 1, thus it is clear that f is continuous on (—o0, 0) and (0, c0) = Lfl oo and
L4 0.0, are closed. Moreover, {0, f(0 )} ={(0,0)} = Cr2((0, f(0)) = ((—00,0) U (0,00), (—00,0) U (0,00)) =
R\ {0} x R\ {0}, which is open since the finite product of open sets is also open. Hence, {0, f( )} is closed. Since
the finite union of closed sets is closed, I'y ___ U {(0, f(0))}U L'y, =Ty isclosed.

Note, however, that f is not continuous; in particular, f is discontinuous at z = 0. Observe that the sequence
{z, = 1}52, converges to 0, but, f(z,) = f(1) = + =n — 0o # f(0) = 0 = f is not continuous at 0.

n

)
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2.6.5

We are told that A is a non-empty, closed subset of R, and that A is bounded below. By the completeness axiom, there
exists a greatest lower bound of A, o € R, where o < a Va € A. We want to show that A 5 a.

Since « is the greateast lower bound of A, for any € > 0, there exists a € A such that a < o + €. Hence,Vn € N,
Ja, € A suchthata, < o+ % = ap —2 . Aclosed <= any sequence in A which converges to a point
x € Rimplies that x € A; thus, A 3 «.

2.6.6

Recallthat A’ = {z € X :Ve >0,y Ast.y#ax Ay € B(z;e)},and A’ = {a € A: 35 > 0s.t. B(a;6)NA =
a}. Thus, it immediately follows that A’ N A* = (). If z € A, then given any € > 0, either B(x;¢) C {z}, or there
exists y € A such that B(x;€) D {x,y}. If no such y exists for any € > 0, then x € A%, otherwise z € A’. That is,
AC A UAY

Now, let A = A’ U A*. Then we want to show that € A if and only if there exists {a,, }32; C A such that
a, 2= 2. So, suppose v € A. Thenx € A’ orz € Al,butz ¢ A’ N A" Ifx € A’ thenV e > 0, there exists y € A
such that y # z and y € B(z;€); equivalently, Vn € N, 3 A 3 y := a,, such that a,, # z and a,, € B(x; 1) = there
exists {a, } C A such that nh_)]ng<> a, = x. Alternatively, if z € A*, then 3§ > 0 such that B(x;6) N A = {z}. Observe

that the sequence {x}52; = x,z,... C Aand lim z = z. Conversley, if {a,}>2; C A such that hm a, = x, then
n—oo

Ve > 0,3 N € Nsuchthatn > N implies that a,, € B(z;¢) =z € A’ C A.

Now, let F' be a closed set such that F O A. Then F closed <= F contains all of its limits points. Since
A C F, this implies that F' contains all limit points of A = A’ C F. Furthermore, since A* C A C F, this implies
that ' O A?. Hence, A = A’ U A* C F. Since F is an arbitrary closed set containing A, and A C F, this implies that

AC N F; moreover, since A D A and A is closed (since we showed that A contains all limit points of A),
FDA, F closed
this implies that A D N F; thus, A = N F.
FDA, F closed FDA, F closed
2.7
2.7.1

Given a, b € R, define the functions f : R” — R™ as f(z) = f((acl, ,;vn)) = (x1+b1—ay,....,xn+b, —ay) and
g:R" = R"as g(z) = g((21, ..., #)) = (x1—b1+a1,..., ¥, —by+ay). Then observe that f(a) = f(ay,...,an) =
(a1 + b1 — a1, ...,an + by — an) = (b1, ..., b,) = b. Moreover, we have:

(fog)(@) = flg(@r, ... za))
f

($17b1+a1,...,$ 71) +an)
(xl_b1+an)+b1_ala“-a(xn_bn+an)+bn_an)
= (

1,y Tn)

= f o g = idr~. Similarly, we have:
(go f) = ( Ty ey ))
($1+b1 — A1y ..y $n+b 70,7,,)
(((El +b; — an) —b +a, ..., (fEn + b, — an) —bn +an)
('Ila )

= go f = idrn. Thus, f and g are inverses.
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Now, we want to show that f and g are continuous. Given € > 0, let § = €. Then observe that for any z,y € R™,
when d(z,y) < 0 we have:

d(f(x), f())

1?%}%{'(% +bi —ai) — (yi +b; —a;)|}

= max {Jz: —vil}

= d(z,y)
<d=c¢

= f is continuous. The proof that g is continuous is analogous. Therefore, we conclude that there is an equivalence
between R™ and itself such that f(a) = b.

2.7.2

Let ¢(x) = tan(z). Then ¢ : (—5,%) — R is continuous, one-to-one and onto, with inverse function ¢~* : R —
(=%, %) defined as ¢~ ' () = arctan(xz), which is also continuous, one-to-one, and onto. Therefore, (—%, %) is
topologically equivalent to R.

Now, we want to show that any two open intervals, considered as subspaces of the real number system, are topo-

logically equivalent. To do so, we first establish the following lemma:

Lemma 1. [f (X, dx) and (Y, dy) are both topologically equivalent to (Z,dz), then (X,dx) and (Y, dy) are topo-
logically equivalent.

Proof. (X, dx) topologically equivalent to (Z, dz) means that there exists a continuous inverse functions f : X — Z
and f~' : Z — X, and similarly (Y, dy) topologically equivalent to (Z,dz) means that there exists continuous
inverse functions g : Y — Z and g~' : Z — Y. The composition of bijective functions is a bijection, and the
composition of continuous functions is a continuous function; therefore, g’1 o f: X — Y is a continuous bijection,
as well as its inverse f =1 og: Y — X. Hence, (X, dx) is topologically equivalent to (Y, dy ). O

Let X C R be an open interval. Define h := (b‘l | x. Then h is continuous, one-to-one, and onto; moreover, there

exists inverse function h~! := ¢|¢71( X)s which is also continuous, one-to-one, and onto. Therefore, X and (—g, g)
are topologically equivalent. Analogously, if Y C R is an open interveal, then similar reasoning implies that Y and

T T

(—%, %) are topoligically equivalent. Therefore, by the above lemma, we conclude that X and Y are topologically

equivalent. Furthermore, we also conclude that any open interval is topologically equivalent to R.

2.7.3

We are told that for i = 1,2, ...,n, (X;, d;) is topologically equivalent to (Y;, d}); that is, for ¢ = 1, ..., n, there exists
continuous inverse functions f; : X; — Y; and fi_1 1Y, — X;. X = ][ X; is equipped with the metric dx : X X
i=1

X — Ryq defined as dx (z,y) = dx ((#1, ..., ), (Y1, -, Yn)) = ax {di(zs,y:)}, and Y := [] Y; is equipped
<isn i=1

with the metric dy : Y x Y — R is defined as dy (z,y) = dy (21, ..., Zn), (Y1, -, Yn)) = max {d' —; (zi,y:)}

We want to show that X and Y are topologically equivalent.
Define f : X —» Y as f(z) = f((:z:l, ,zn)) = (fl(asl), ey fn(:cn)) Then, since each f; is bijective and has an

inverse, we can define g : Y — X as g(y) = g((y1, .-, yn)) = ((fl_l(yl), <oy ft(yn)). Then observe that

(Fog)y) = f9(yr, - yn))
= FIU Wa)soons f M (ym)
= (S1(f7 )5 oo S (f ()
= (Y1, Un)

12



= f og = idy. Similarly,

(gof)(=x 9( L1y )
( f1 »’81)) »f[ (f(zn))
= (T1, ., Tp)

= go f =idx. Hence, f and g are inverses; i.e., g = f~ L.

Now, since for i = 1,...,n, each f; : X; — Y; is continuous, this means that ¥V ¢ > 0, 3 §; > 0 such that for
all z;,y; € Xi, di(w;,y;) < 0; implies that d}(fi(;), fi(y;)) < e. Since there are only finitley many §;, define
0= 112?<Xn{di(33z‘73/i)}- Then, given € > 0, forz,y € X, dx (z,y) = dX((xl, s T )y (Y1 ey yn)) < ¢ implies that

dy(f($)7f(y)) = dY((fl(xl) >fn(33n))7(fl(yl)»--wfn(yn)))
= max {d (fz(xz) fz(yZ))}

1<<
<e€

= f is continuous. Thus, X and Y are topologically equivalent.

2.7.4

Let X; = (0,1) C R. Then by exercise 2.7.2, we know that X is topologically equivalent to R. Now, by exercise
2.7.3, we conclude that H X = {(z1,..,zn) € R" : 0 < z; < 1,4 = 1,...,n} is topologically equivalent to

[IR=R"
=1

2.7.5

We want to show that metric equivalence, or isometry, is an equivalence relation.

1. Given a metric space (X, d), the identity function id : X — X is a bijection and V z,y € X, d(id(z), id(y)) =
d(z,y) = XRX.

2. Suppose (X, dx) and (Y, dy) are metric spaces, and X RY . Then there exists bijective function f : X — Y
such that dy (f(z1), f(z2)) = dx(z1,x2). Since f is a bijection, it has an inverse function f~! : ¥ — X,
which is also a bijection; thus, if y1, y2 € Y, then there exists 21, o € X such that f(z1) = y; and f(x3) = yo.
Therefore,

dy (y1,y2) = dy (f(z1), f(22)) = dx(z1,22) = dx (f " (y1)f " (2))
Thus, Y RX.

3. Let (X,dx), (Y,dy), and (Z, dz) be metric spaces, and suppose X RZ and Y RZ. Then there exist bijections
f:X > Zandg:Y — Zsuchthat dx(z1,22) = dZ(f(ml),f(xg)) and dy (y1,y2) = dz(g(yl),g(yg)),
for any 71,72 € X and for any 1,72 € Y. Then there exists an inverse function g~ : Z — Y such that
dz(z1,22) = dy (g7 (21), 97 (22)) V 21, 22 € Z; furthermore, g~ o f : X — Y is a bijective function (since
it is the composition of bijections). Therefore, if 21, x2 € X and f(z1) = 21, f(22) = 22, for some z1, 25 € Z,

then
dx (x1,22) = dz (f(z1), f(x2))
=dz(z1,22)
=dy (97" (f(z1)), 97" (f(z2)))
=dy((g7 o f)(x1), (97" o f)(22))
= XRY.
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Thus, metric equivalence is an equivalence relation. Now, since metric equivalence implies topological equivalence,
we conclude that topological equivalence is also an equivalence relation.

2.7.6

We are told that (Y, d’) be a subspace of the metric space (X, d). First we want to show that subset O’ of Y is open
<= there exists an open subset O of X such that O’ =Y N O.

(=) Suppose O’ C Y is open. Since X D Y, this implies that X D O’. Therefore, there exists an open subset O
of X such that O’ =Y N O; namely, O’.

(<) Let O be an open subset of X and suppose O’ = Y N O. Then since Y is a metric space, Y is open
= O’ =Y N O is open, since the finite intersection of open sets is open.

Now, we want to prove that a subset F’ of Y is closed <= there exists a closed subset ' of X such that
F' =Y NF. Suppose F/ C Y is closed. Then Cy (F’) is open <= 3 O C X closed such that Cy (F') =
YNO < Cy (Cy(F/)) = Cy(Y N O) — F' = Cy(Y) U Cy(O) = Cy(O) =YnN Cx(O)

Lastly, we want to show that N’ C Y is a neighborhood of « € Y <= there exists a neighborhood N C X of a
such that N =Y N N.

(=) Suppose N’ C Y is a neighborhood of a € Y. Then since X D Y, this implies that X D N’. Therefore,
there exists a neighborhood N C X such that N’ =Y N N; namely N’.

(<) Conversely, suppose there exists a neighborhood N C X such that N’ = Y N N. Then since YV is a
metric space, Y is open, and since a € Y, this implies that there exists a neighborhood M C Y of a; hence, Y is a
neighborhood of a. Therefore, N’ =Y N N is a neighborhood of a.

2.7.7
We are told that (Y, d’) is a subspace of (X, d);i.e., Y C X and d’ = d|y xy. We want to show that if {a,}52; C Y,
a€Y,and lim a, =ain (Y,d), then lim a, = ain (X,d).
n—oo n—oo
Since lim a, = a in (Y,d’), this means that V ¢ > 0, 3 N; € N such that d’(a,,a) < § for n > N;. Now,
n—oQ
suppose there exists b € X such that lim a, = bin (X,d). ThenV e > 0, 3 Ny € N such that d(a,,a) < § for

n— 00

n > Na. Now, let N := max{N;y, Na}. Then given € > 0, n > N implies that:

d(a,b) < d(a,an) + d(an,b)
=d'(ap,a) + d(a,,b)
< £ + € _
273 7°¢
=a=b
2.7.8

We are told that there exists a sequence of points {a, }>2; C R such that lim a, = V/2; that is, given e > 0, 3
n—oo

N € Nsuch that n > N implies that |a,, — \/§| < §. Hence, if n,m > N, then |a, — am| = |an — \/i—i—\/i—am\ <

lan — V2| + V2 = ap| = |an — V2| + |am — V2| < &£ + § = € thus, {a,} is a Cauchy sequence. Note that {a,, }

does not converge in (Q, d|gxg) since limits of real-valued sequences are unique and v/2 ¢ Q.

2.8

2.8.1

It is straightforward veryifying that [7 is a vector space over R with the usual operations of componentwise addition
and componentwise scalar multiplication.
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Now, let u,v,w € H, and define A: H x H — Ras A(u,v) = Y, u;v;. Thenif a, 5,y € H, we have:
i=1

o0 oo

Alau + Bv,w) = Z(aui + Buj)w; = Z(auiwi + fujw;) = « iuiwi + B i viw; = aA(u, w) + fA(v, w)

i=1 i=1 i=1 i=1
and similarly, we have:

o}

A(u, v+ yw) = Z u; (Bv; + yw;) = Z(Buivi + yusw;) = B Z U v; + 7y Z viw; = BA(u,v) + vA(u, w)
P i=1 i=1

1= i=1

o0
Thus, A is of bilinear form. Moreover, observe that for any u € H \ {0}, A(u,u) = Y u? > 0since u; > 0Vi € N
i=1

and there exists atleast one j € N such that u; # 0 = u? > 0. Therefore, A is positive definite.

2.8.2

Let A: V x V — R be a positive definite bilinear form on V and define N : V — R as N(v) = [A(v,v)]2; we want
to show that /V defines a norm on V. Observe that if v,w € V and a € R, then we have:

1. v#0= N(v) = [A(v,v)]2 = \/A(v,v) > 0 since A(v,v) > 0.

2. Note that since A is a bilinear form, A(0,0) = A(0-0,0) = 0- A(0,0) = 0. Therefore, v = 0 = N(v) =
[A(0,0)]z = \/A(0,0) = v/0 = 0. Thus, we conclude that v = 0 <= N (v) = 0.

3. Observe that

[N(v+w)]? = A(v +w,v +w)

N(v)
< N(v)? + N(w)? 4 2A(v,v) A(w, w) blc by Schwarz inequality A (v, w) < A(v,v)A(w,w)
= N()? + N(w)? + 2N (v) N (w)
= [N(v) + N(w)]? = 2N (v)N(w) + 2N (v)N (w)

— [N(v) + N(w)]?

4. Observe that ) ) )
N(av) = [A(aw, aw)]? = [aA(v, aw)]? = [a?A(v,v)]2 = |a|N(v)

Therefore, N defines a norm on V.

2.8.3

First we want to show thatd : V' x V' — R defined as d(u, v) = N(u—v) is a metric. Observe that for any u, v,w € V,
we have:

1. d(u,v) = N(u—wv) > 0since N is a norm on the vector space V.

2. u=v=d(u,v) =d(u,u) = N(u—u) = N(0) =0, and conversely d(u,v) = N(u—v) =0=u—v =0.
Hence, d(u,v) =0 <= u=w.

3. d(u,w) = N(u—w) = N(u—v+v—w) = N((u—v)+(v—w)) < N(u—v)+N(v-—w) = d(u,v)+d(v,w)
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= d is a metric.

Now, we want to show that the function a : V' x V' — V defined as a(u, v) = u + v is continuous. Equipping V'
with the metric above and V' x V' with the metric d’ : (V x V) x (V x V) — R defined as d’ ((u1,u2), (v1,v2)) =
max{d(uy,v1),d(v1,v2)} = max{N(u; — v1), N(us — va)}, we want to show that Ve > 0,36 > 0 st V
(u1,u2), (vi,v2) € V x V with & ((u1,uz), (v1,v2)) < 6, we have d(a(u,uz),a(vy,v2)) < €. Given e > 0, let
& := 5. Then observe that for all (uy,uz), (v1,v2) € V x V such that d’ ((u1, us), (v1,v2)), we have:

d(a(ul,uQ),a(vl,vg)) = d(u1 + ug,v1 + v2)
= N(u1 +ug — (vg +v2))
= N(u; —v1) + N(ug — v2)
< 2max{N(u; —v1), N(uz — va)}
= 2d' ((u1,uz), (v1,v2))
< 26

=€

= a is continuous.

Now, we want to show that the function b : V' — V defined as b(v) = —wv is continuous; that is, we want to prove
that Ve > 0,36 > 0 such that d(u,v) = N(u — v) < § implies that d(b(u),b(v)) = N (b(u) — b(v)) < e. Given
€ > 0,let § := e. Then for all u,v € V such that d(u, v) < &, we have:

d((b(u)v b(U)) = d(_u’ —’U)

=N(—u-(-v))
=N —u)

= N(-1(u —v))
=|—-1|N(u—wv)
= d(u,v)

<0

=€

= b is continuous.

Lastly, we want to show that the function ¢ : R x V' — V defined as ¢(«, v) = aw is continuous; that is, we want
to prove that V € > 0, 36 > 0 such that d(u,v) = N(u — v) < & implies that d(c(u), c(v)) = N(c(u) — ¢(v)) < e.
Given € > 0 let § := <. Then for all u,v € V such that d(u, v) < J, we have:

o

d((c(u), c(v)) = d(au, av)

= N(au — av)
= N(a(u —))
= [a|N(u—v)
<é

=€

= cis continuous. And we are done folks!
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